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Abstract. In previous papers the structure of the jet bundle as P-module 
has been studied using different techniques. In this paper we use techniques 
from algebraic groups, sheaf theory, generliazed Verma modules, canonical fil- 
trations of irreducible SL(V)-modules and annihilator ideals of highest weight 
vectors to study the canonical filtration U;(g)L'* of the irreducible SL(y)- 
module }i°{X,Ox{d))* where X = G{m,m + n). We study Ui(B)L'^ using 
results from previous papers on the subject and recover a well known classifi- 
cation of the structure of the jet bundle 'P''{0{d)) on projective space P{\/*) as 
P-module. As a consequence we prove formulas on the splitting type of the jet 
bundle on projective space as abstract locally free sheaf. We also classify the 
P-module of the first order jet bundle ^^^{Oxid.)) for any d > I. We study 
the incidence complex for the line bundle 0{d) on the projective line and show 
it is a resolution of the ideal sheaf of P{0{d)) - the incidence scheme of 0{d). 
The aim of the study is to apply it to the study of syzygies of discriminants of 
linear systems on projective space and grassmannians. 
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1. Introduction 

In a series of papers (see [13], [TS],[T2] and [T7]) the structure of the jet bundle 
as P-module has been studied using different techniques. In this paper we continue 
this study using techniques from algebraic groups, sheaf theory, generalized Verma 
modules, canonical filtrations of irreducible SL(V^)-modules and annihilator ideals 
of highest weight vectors and study the canonical filtration Ui(g)L'^ of the SL(1/)- 
module H°(A, Ojf (d))* where X = G( m,m + n) is the grassmannian of m-planes 
in an m -I- n-dimensional vector space . Using results obtained in [14] we classify 
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U;(g)L'^ and as a corollary we recover a well known result on the structure of the 
jet bundle V''{0{d)) on P{V*) as P-modulc. As a consequence we get formulas 
on the splitting type of the jet bundle on projective space as abstract locally free 
sheaf. We also classify the P-module of the first order jet bundle VxiOxid)) on 
any grassmannian X — G(to, m + n) (see Corollarv l3.10l) . 

In the first section of the paper we study the jet bundle ^^^^^^{E) of any locally 
free G- linearized sheaf S on any quotient G/H . Here G is an affine algebraic group 
of finite type over an algebraically closed field K of characteristic zero and H Q G 
is a closed subgroup. There is an equivalence of categories between the category 
of finite dimensional modules and the category of finite rank locally free Oq /h- 
modules with a G-linearization. The main result of this section is Theorem 12.31 
where we give a classification of the L-modules structure of the fiber 'Pq^jj{£){x)* 
where L C H is a Levi subgroup. Here x € G/H is the distinguished i^T-rational 
point defined by the identity e £ G. We also study the structure of 'Px{C>x{d)){x)* 
as L-module where X = G(m, m + n) is the grassmannian of m-planes in an m + n- 
dimensional vector space (see Corollarv 12.51 and 12 . 8p . 

In the second section we study the canonical filtration \Ji{q)L'^ for the irreducible 
SL(l/)-module H°(G, OG{d))*. Here G = <G{m, m + n). We prove in Theorem [33] 
there is an isomorphism 



of P-modules when G = G(l, ri + 1) = P" is projective n-space. As a result we 
recover in Corollarv 13.61 the structure of the fiber V(^{0(i{d)){x)* as P-module. 
This result was proved in another paper (see lUj) using different techniques. We 
also recover in Corollarv 13.81 a known formula on the structure of the jet bundle on 
projective space as abstract locally free sheaf (see [T3], [II],[I1],[1D],[2I] and [22]). 
In the third section we study the incidence complex 



of the line bundle 0{d) on the projective line. Using Koszul complexes and general 
properties of jet bundles we prove it is a locally free resolution of the ideal sheaf of 
P{0{d)) - the incidence scheme of 0{d). 

In Appendix A and B we study SL(V^)-modules, automorphisms of SL(P^)- 
modules and give an elementary proof of the Cauchy formula. 

The study of the jet bundle P\^{Ox{d)) of a line bundle Oxid) on the grassman- 
nian X — G(m, m + n) is motivated partly by its relationship with the discriminant 
D\Ox{.d)) of the line bundle Ox{d). There is by for all 1 < I < d an exact 
sequence of locally free Ox-modules 



U,(0)L'^ ^ L'^-' ® Sym'(0/Pi ® L) 



^'OviW'){-l)Y ®v\o{d))-^ 



^ Q ^ hO(X, Ox{d)) ®Ox^ V'xiO^id)) ^ 
giving rise to a diagram of maps of schemes 



P(Q*) 



V{W*) X X 



TT 



P 



D\Ox{d)) 



V{W*) 



where W = H (X, C'x(rf)), tt is the restriction of the projection map and i, j are 
closed immersions. The if-rational points of P(Q*) are pairs of iiT-rational points 
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{s,x) with the property that T'-{x){s) = in V^xi'^x{d)){x). The scheme P(Q*) is 
the incidence scheme of the Vth Taylor niorphisni 

T' : H"(X, Ox{d)) ®Ox^ V'xiO^d))- 

The map tt is a surjective genericahy finite morphism between irreducible schemes. 
There is by fl2\ a Koszul complex of locally free sheaves on y = P(VK*) x X 

(1.0.1) ^ 0(-r)y ® A-V'x{Ox{d)rY ^ ■ ■ • ^ 0{-1)y <E> V'x{Ox{d))Y ^ 

Oy Or(Q>) ^ 

which is a resolution of the ideal sheaf of P(Q*) when it is locally generated by 
a regular sequence. The complex II. 0.11 might give information on a resolution of 
the ideal sheaf of D'-{Ox{d)). A resolution of the ideal sheaf of D''{Oxid)) will 
give information on its syzygies. By [12] the first discriminant D^{Or{d)) on the 
projective line P = is the classical discriminant of degree d polynomials, hence 
it is a determinantal scheme. By the results of (9j we get an approach to the 
study of the syzygies of D^{Op{dj). Hence we get two approaches to the study of 
syzygies of discriminants of line bundles on projective space and grassmannians: 
One using Taylor maps, incidence schemes, jet bundles and generalized Verma 
modules. Another one using determinantal schemes. 

2. Jetbundles on quotients 

In this section we study the jet bundle of any finite rank G-linearized locally free 
sheaf £ on the grassmannian G/P — G(m, m + n) as L-module, where L C P is a 
maximal linearly reductive subgroup. 

Let K be an algebraically closed field of characteristic zero and let y be a K- 
vector space of dimension n. Let H C G C GL{V) be closed subgroups. The 
following holds: There is a quotient morphism 

(2.0.2) TT : G ^ G/H 

and G/H is a smooth quasi projective scheme of finite type over K. Moreover 
(2.0.3) H C G is parabolic if and only if G/H is projective. 

For a proof see 7J. Let X = G/H and let mod '^iOniH) be the category of lo- 
cally free Og/zz-modules with a G-linearization. Let mod (H) be the category of 
finite dimensional _ff-modules. It follows from [7] there is an exact equivalence of 
categories 

mod(H) = mod^iOnm). 

Let £ £ mod ^jOnm) be a locally free 0G/j:/-module. 

Let Y = G/H xG/H and p^q :Y ^ G/H be the canonical projection maps. The 
scheme G/H is smooth and separated over Spec(iir) hence the diagonal morphism 

A : G/H Y 

is a closed immersion of schemes. Let X C Oy be the ideal of the diagonal and let 
Oa' = Oy /X^^^ be the structure sheaf of the n 'th infinitesimal neigborhood of the 
diagonal. 

Definition 2.1. Let £ be a locally free finite rank Og/jj- module. Let 

T^G/Hin ^P*{0^^®q*£) 

be the Z'th jet bundle of £. 
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Proposition 2.2. There is for all I > 1 an exact sequence of locally free Oq/h- 
modules 

(2.2.1) ^ Sym'(f^i./^) Va/A^) ^'^ ^g7//(^) « 

TO^/i G -linearization. 

Proof. By [17] sequence 12.2.11 is an exact sequence of locally free Cg/^f-nioclules. 
The scheme Y is equipped with the diagonal G-action. It follows and q* preserve 
G-linearizations. We get a diagram of exact sequences of Oy-modules with a G- 
linearization 

^ I'+l ® q*£ ^ Oy ® q*S ^ Oa' «> q*£ ^ 



^ I' eg) q*£ ^ Oy ® q*£ ^ Oa'-i ^ q*£ ^ 

Since p* preserves G-linearization we get a morphism 

preserving the G-linearization, and the Proposition is proved. □ 

Let — Lie{G) and t) — Lie{H). Let L C _ff be a Levi subgroup of H. It follows 
L is a maximal linearly reductive subgroup of H. The group L is not unique but 
all such groups are conjugate under automorphisms of H. Let x e G/H he the 
isT-rational point defined by the identity e S G. 

Theorem 2.3. There is for all I > 1 an isomorphism 

(2.3.1) r'Am^r = £i^r ® (©L Sym'(fl/f))) 

of L-modules. 

Proof. Dualize the sequence 12.2.11 and take the fiber at x to get the exact sequence 

^ V'x\8){x)* ^ V'x{£){x)* ^ £{xy <E> Sym'(g/f)) -> 

of //-modules (and L-modules). This sequence splits since L is linearly reductive 
and the Theorem follows by induction on L □ 

Hence the study Vx{£){x)* as L-module is reduced to the study of £{x)* and 
Sym'(0/f,). 

Let W CV he iiT-vector spaces of dimension m and m+n and let G — SL{V) and 
P <Z G the subgroup fixing W . It follows G/P = G{m, m + n) is the grassmannian 
of m-planes in V. Let g = Lie{G) and p = Lie{P). Fix a basis ei, .., em for W and 
ei, .., Cm, Gm+i, .., Cm+rt for It foUows the iC-rational points of P are matrices M 
on the form 



M 



where det{A)det{B) = 1, A an m x m-matrix and B an n x n-matrix. Let L <Z P 
he the subgroup defined as follows: The i^-rational points of L are matrices M on 
the form 

'A 0" 
B, 



M = 
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where det[A)det{B) ~ 1 and similarly A an m x m-matrix and _B an n x n-matrix. It 
follows L is a Levi subgroup of P, hence it is a maximal linearly reductive subgroup. 

Proposition 2.4. There is a canonical isomorphism 

g/p = Hom(iy,F/W^) 

o/ P -modules. 

Proof. By definition g — s[(y), hence G g is a map 

with tr{(t)) = 0. Let i : W ^ V he the inclusion map and p : V ^ V/W the 
projection map. Define the following map: 

j' : ^ Hom(W^, V/W) 

by 

f[(j)) =po(j)oi. 
It follows j{p) = hence we get a well defined map 

j -.g/p^ llom{W,V/W) 

defined by 

=po(f)oi. 

One checks g/p and IIom(IV, V/W) are P-modules and j a morphism of P-modules. 
It is an isomorphism and the Proposition follows. □ 

Corollary 2.5. On X = G(m, m + n) there is an isomorphism 

V'xinix)* = ^3 (®LoSym'(Hom(iy,y/M^)) 

of L-modules. 

Proof. The proof follows from Theorem [2?3] and Proposition [mi □ 

There is an isomorphism of P-modules 

Hom(VF, V/W) = VF* (g) V/W 

hence the decomposition into irreducible components of the module Sym*(VF* ® 
V/W) as L- module may be done using the Cauchy formula (see Appendix B). 

Let A — \i\ denote A is a partition of the integer i If A = {Ai, .., A^} is a partition 
of an integer let /i(A) denote the following partition: 

^(A)i — I — Xd+i-i- 

Let for any partition A of an integer I and any vector space W , S\{W) denote the 
Schur- Weyl module of A. 

Corollary 2.6. There is an isomorphism 

rU£){x)* = £i^)* ® (©U(0 §a(w-*) ® §,,(A)(Ww^))) 

X~\i\ 

ofSL{W) X SL{V/W)-modules. 
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Proof. By Corollary 12 . 5 1 there is an isomorphism 

V^xiS){xy = ® (©toSyni'(Hom(W^,T//W^)) 

of L-modules and SL(W^) x SL(T^/M^)-modules, since SL(W^) x SL{V/W) C L is a 
closed subgroup. Since 

Sym^(Hom(VF, V/W)) ^ Sym^(Vl^* ® V/W) 

the result follows from the Cauchy formula (see Appendix B or [S]). □ 

Example 2.7. Calculation of the cohomology group A-^'Pjf (Ox(rf))*)- 

In the following we use the notation introduced in "T. Let Psemi = SL(rn) x 
SL(n) C P be the semi simplification of P. We get a vector bundle 

TT : G I Psemi ^ G/P — G(to, tu + n) . 

Let X = G/P and Y = G/Psemi Given any finite dimensional P-module W, let 
^x{W) denote its corresponding Ojf-module. Let Wsemi denote the restriction of 
W to Psemi- By the results of [7^ it follows there is an isomorphism 

^T*Cx(W)^^Y{Wsem^) 

of locally free sheaves. This will help calculating the higher cohomology group 

Cx{W)) 

since Psemi is semi simple and tt is a locally trivial fibration. If W is the _P-module 
corresponding to the dual of the j'th exterior power of the jet bundle A^Vx{Ox{d))* 
we can use this construction to calculate the cohomology group 

li'{X,A^V'x(Ox{d)r)- 

Such a calculation will by the results of JJj, Example 5.12 give information on 
resolutions of the ideal sheaf of D\Ox{d)) since the push down of the Koszul 
complex II. 0.1 1 is the locally trivial sheaf 

0{~3)<E>R\X,A^P'x{0x(d)r)- 

To describe the locally trivial sheaf 0{-j) ® H*(X, A^T'jf for all i,j we 

need to calculate the dimension h'^{X, A^Vx{Ox{d))*) and this calculation may be 
done using the approach indicated above. 
Let m = 2, n = 4 and X = G(2, 4). 

Corollary 2.8. There is an isomorphism 

r'x{£){x)* = E{xy ® (©to ©"=0 Sym2j'+"(Ty*) ® Sym'^+'^ {V /W)) 

o/SL(2) x Sl.{2) -modules. Here {n,m) = (|,0) if i = 2n and (^,1) if i = 2n+l. 

Proof. This follows from Corollarv l2.5l and Proposition 15. II □ 



JET BUNDLES ON PROJECTIVE SPACE II 



7 



3. On canonical filtrations and jet bundles on projective space 

In this section we study the canonical fihration for the dual of the SL(y)-module 
of global sections of an invertible sheaf on the grassmannian. We classify the canon- 
ical filtration on projective space and as a result recover known formulas on the 
splitting type of the jet bundle as abstract locally free sheaf. 

Let W C V he vector spaces over K of dimension m and m + n. Let W have 
basis ei,..,em and V have basis ei,..,em+n- Let V* have basis xi, ..,Xm+n- Let 
G = SL(y) and P C G the parabolic subgroup of elements fixing W. It follows 
there is a quotient niorphism 

TT : G ^ G/P 

and G/P = G(m, m + n) is the grassmannian of m-planes in V. Let P = G(l, n + 
1) = P{V*). Let L'^ = Sym'^(A™Vl^). There is an inclusion of P-modulcs L"^ C 
Sym''(A™y). Since K has characteristic zero there is an inclusion of G-modules 

H°(G/P,e>G/p(d))* C Sym'^(A"y*)* ^ Sym'^(A'"l/). 

Let Q = Lie{G) and p — Lie{P). Let U(g) be the universal enveloping algebra og 
g and let Ui(g) be the Vth term ot its canonical filtration. 

By the Corollary 3.11 in |T3] there is for all 1 < / < d an exact sequence of 
P-modules 

^ 7'G(OG(rf))(2:)* -> H°(G,OG(d))* ^ H°(G,m'+iOG(d))* ^ 0. 

Since the grassmannian is projectively normal in the Plucker embedding we get an 
inclusion 

H"(G,OG(rf))* C Sym'^CA^F) 

of P-modules. The highest weight vector for II°(G, C'G(<i))* is the line L"^ = 
Sym''(A'"VF). Let ann{L'^) C U(fl) be the left annihilator ideal of L^. It is the 
ideal generated by elements x G U(g) with the property x{L'^) = 0. Let anni{L'^) 
be its canonical filtration. We get an exact sequence of G-modules 

^ ann{L'^) ® L'^ ^ \]{q) ® L'^ ^ H°(X, Ox{d))* 

and an exact sequence of P-modules 

^ anni{L'^) ® L'^ ^ Ui(fl) ® L'^ ^ U;(g)i'' ^ 

for all / > 1. The G-module U(g) (g) L'^ is the generalized Verma module corre- 
sponding to the P-module defined by L'' £ Sym''(A'"F). There is an inclusion of 
P-modules 

Uz(fl)i'cH°(G,OGW)*. 
Definition 3.1. Let {U;(g)L'^};>i be the canonical filtration for II°(G, C'G(d))*. 
Lemma 3.2. Assume y G g and xi ■ ■ ■ Xi G Ui(g) with Xi G q. The following holds: 

y{xi ■■■Xi) ^ {xi ■ ■■Xi)y + uj 

where lo G Ui_i(g). 

Proof. The proof is obvious. □ 
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M = 



M = 



The Lie algebra p is the sub Lie algebra of g ^ s\.{V) given by matrices M of the 
following type: 

where A is an m x m-matrix, B and n x n-matrix and tr(A) + tr{B) ~ 0. Let 
be the sub Lie algebra of p consisting of matrices M e p of the following type: 

'A 
B, 



where tr(A) ^ tr{B) 0. 
Proposition 3.3. 

(3.3.1) The sub Lie algebra p^ C p is a sub P-module of p. 
There is an exact sequence of P -modules 

(3.3.2) ^ p/Pl ^ fl/pL ^ fl/p ^ 

and p/pL *s trivial P-module. 
The following holds: 

(3.3.3) diniKiL''-'' ® Sym'=(0/pi ® L)) = f + ^) . 

\ mn J 

There is a filtration of P -modules 

(3.3.4) Gi+i C Gi C . . . C Go = L'^'^ ® Sym'(0/pL ® L) 
with quotients 

G,/G,+x - L-^-^'-*) ® Sym'-^((0/p ® L) 

for 1 < i < k. 

Assume dimniW) ~ 1 and letW = L. There is an exact sequence of P -modules 

(3.3.5) 0^pL®L^Q®L^V^Q 
giving an isomorphism of P -modules g/pL ® L'^V . 

Proof. We prove ESIIJ In the following A, a are square matrices of size m and 6, B 
square matrices of size n. The if -rational points of the group P are matrices g on 
the form 

(A X^ 
^-[o B^ 

where det{A)det{B) = 1. Assume a; £ p is the following element: 

a X 
b 

with tr{a) + tr{b) = 0. It follows g{x) — gxg~^ has tr{gxg~^) = tr{gg~^x) — 
tr{x) = hence gxg^^ e p and p is a P-module. Assume a; G pL ie tr{a) ~ tr{b) = 0. 
It follows 

_i f aAa^^ * 
9^9 =[ bBb- 

and tr{aAa^^) = tr{aa^^A) = tr{A) = hence g{x) G pi and 13.3.11 is proved. 
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We prove 13. 3!2l Bv l3.3.1l it follows pL ^ p is a sub P-module. One checks p/pL 
is a trivial P-module. We clearly get an exact sequence of P-modules and 13.3.21 is 
proved. 

We prove 13331 Since 

diraKio) = {ni + n)^ — 1 = + 2mn + rn^ — 1 

and 

dirriKipL) ~ + Jnn + 71^ — 2 
it follows dimK{0/pL) = inn + 1. It follows 

''mn + 1 + I — l\ ( mn + 



dim.K{L'^ ' ® Sym'(0/pL (X) 



mn + 1 — 1 



We prove 13.3.41 Since p/pL is a trivial P-module there are isomorphisms of 
P-modules 

^d-{k-i) ^ Sym'^-*(g/pL ® L) = L'^-'' ®V® Sym'=-'(fl/pL ® L) = 

L'^-^ ® Sym'(p/pL ®L)® Sym''"'(0/pL ® L) 
for all 1 < i < fc. We get an injection 

j : L'^-^ ® Sym*(p/pL ® L) ® Sym''"*(g/pL ® L) L'^^^ ® Sym''(0/pi ® L) 

defined by 

j{L'^~^®f[®L ■ ■ ■Yi®L®x^®L ■ ■■x^(g)L) = L'^^''(g>y{(g)L ■ ■ ■yl(g>LxT(g)L ■ ■ -x^r-. 
The injection j gives rise to an injection 

J^d-{k-^) ^ Sym'=-'(0/pi ® L) = L^-'' ® Sym*(p/pL ® L) ® Sym^-'(0/pi ® L) 

L''-'=®Sym'=(0/pL®L) 
of P-modulcs for all 1 < i < fc. The exact sequence 

-> p/pL fl/pL ^q/p-^O 
gives rise to a filtration of P-modules 

= Pi+i C P, C . . . C Po = Sym'(0/pL ® L) 

with quotients 

P/P+i Sym'-^fl/p ^ L). 

Put Gi = L'^-^ ® Pi. It follows 

= L'i-C-*) Sym'-^(0/pL (g> L). 

There is an isomorphism 

G^/G^+l = p'^-e-*) Sym'-^(0/p P) 

and claim l3A4l is proved. 

We prove 13X51 Let V = P:{eo,..,e„} and P = IF = cq. It follows P C G = 
SL{V) is the group whose PT-rational points are the following: 

a * 
B 
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with a = -j^^^- Also i? is an n x n- matrix with coefficients in K. By definition 
the maps in the sequence are maps of P-modules. It follows p = Lie{P) is the Lie 
algebra whose elements x are matrices on the following form: 

-tr{B) * 
B 

where B is any n x n-matrix with coefficients in K. The sub Lie algebra pL C p is 
the Lie algebra of matrixes a; G p on the following form: 

^0 

where B is any n x n-matrix with tr{B) = 0. Let Xi S g be the following element: 
Let the first column vector of Xi be the vector Ci and let the rest of the entries be 
such that tr{xi) = 0. It follows Xi® G L and Xi{eo) = hence the vertical 
map is surjective. One easily checks the sequence is exact and 13.3.51 is proved. □ 

We get two P-modules: Pl C p and L' Sym'(A™iy) C Sym^A™!/). We get 
for all 1 < fc < d a P-module 

L^-'=«.Sym'=(0/Pi0L). 

There is an injection of P-modules 

I : L'^-'' ® Sym'=(fl/pL ® L) ^ Sym''(A'"F) 

defined by 

i{L'^-^ ®xl (S) L ■ ■ -x^ ® L) = L'^~'^xi[L) ■ • •Xfc(L). 
There are natural embeddings of P-modules 

Ufc(0)i'^ C Sym''(A™F) 

and 

^d-(k-i) ^ Sym'=-i(g/pL ® i) C ® Sym'=(0/pi (g) L) C Sym''(A™V^). 

Assume in the following m — I and L — W. It follows G — ¥{y*) = P is 
projective n-space. 

Proposition 3.4. Let xi ■ ■ ■ Xk{L'^) £ Ufc(g)L'^. The following formula holds: 

xi--- XkiL'^) = aL'^^^xi{L) ■ ■ ■ Xk{L) + uj 
where lj G P'*-('=-i) ® Sym''~-^(g/pL ® L). 

Proof, we prove the result by induction on k. Assume k = 1 and let x{L'^) G 
Ui(0)L'^. It follows x{L'^) = dL'^-^x{L) G L'^-^ ® Symi(0/pL ® L) and the claim 
holds for k — 1. Assume the result is true for k. Hence 

xi • • • xu{L'^) = aL'^-''xi{L) ■ ■ ■ Xk{L) + uj 

with CO G L'^^C^^i) Sym''"-^(0/pL ® L). Assume 

uj = J2a,L''-^'-'^x\{L)---xl_,{L). 

i 

We get 

xqXi ■ ■ ■ XkiL"^) = xo{aL'^^^xi{L) ■ ■ ■ Xk{L) + cj) = 
a{d ~ k)L'^-^''+^^xo{L)xi{L) ■ ■ ■ Xk{L)+ 
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J2 aL'^-'^xiiL) ■ ■ ■ xo{xj{L)) ■ ■ ■ Xk{L)+ 
j 

- (fc - l))L''-''xoiL)x\{L) ■ ■ ■ xl_^{L) + 

i 

^ ^ a.L'^-^^-DxUi) • • • x„{xliL)) ■ ■ ■ xl^,{L). 

i I 

Let Zj{L) — xo{xj{L)) and zl{L) = xo{xl{L)). Such elements exist since q/Pl'S$L = 
V as P-module. Let 

uj = YaL'^~''xi{L) ■ ■ ■ Zj{L) ■ ■■Xk{L) + 
i 

^ a,(d - (fc - l))L^-''xo{L) ■■■x\{L)--- 4-i W+ 

i 

^ ^ a,L^-^^-'^x\{L) ■ ■ ■ z\{L) . ■ ■ x\_,{L). 

i I 

it follows w e L''"'' (X) Sym''(g/pL ^ L). Moreover 

xqXi ■ ■ ■ Xk{L'^) = aL'^-^''+^^xo{L) ■ ■ ■ Xk{L) + w 
where a = [d ~ k)a. The Proposition is proved. □ 
Theorem 3.5. There is for all 1 < I < d an isomorphism 
Ui(0)X'^ ^ L''-' Syni'(0/pL L) 

of P-modules. 

Proof. There are embeddings of P-modules 

UKfl)^' C Sym'^(F) 

and 

Recall from [14] it follows dimK(^i(Q)L'^) — ('^") where dirriKiV) = n+1. Assume 
z = xi - ■ ■ xi{L'^) e \]i{q)L'^. It follows from Proposition [O] 

z = aL'^^^xi{L) ■■■xi{L)+uj 

where 

UJ e L''-('-i) Sym'-^fl/pi ® L) C L'^-' ® Sym'(0/pi, ® L). 

Since 

aP'^-'xi(L) • • • a;;(P) e i''"' ® Sym'(0/pL L) 
it follows z e L''^' Sym'(g/pi (8) L) Hence we get an inclusion of P-modules 
Vi{g)L'^ C L'^-^ ® Sym'(0/pL ® L). Since 

dimK{Vi{Q)L'^) = dimKiL"^'^ ® Sym'(0/pL ® L)) 
the Theorem follows. □ 
Corollary 3.6. There is for all 1 < I < d an isomorphism 
P^{Op{d)){x) = {L* f-' ® Sym'(T/*) 

of P-modules. 
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Proof. There is by [14] . Theorem 3.10 an isomorphism 

of P-modules. From this isomorphism and Theorem 13.51 the Corollary follows since 

(L"*-' Sym'(g/Pi L))* ^ {L*y-^ ® Sym\V*) 
as P-modules. □ 

Note: Corollary 13.61 is proved in [11] Theorem 2.4 using more elementary tech- 
niques. 

Let Y = Spec(i4r) and n : P{V*) Y he the structure morphism. Let P = 
P(V^*). Since is a finite dimensional SL(V^)-module it follows it is a free 

Oy-module with an SL(y)-linearization. It follows 7r*Sym'(F*) is a locally free 
Op-module with an SL(l^)-linearization since tt* preserves the SL(t/)-linearization. 

Proposition 3.7. There is for all 1 < I < d an isomorphism 

Vj,{Op{d)) = Op{d ~-l)®TT* Sym\V*) 

of locally free Op-modules with an Sh{V) -linearization. 

Proof. Let P C SL(y) be the subgroup fixing the line L ^ V There is an exact 
equivalence of categories 

(3.7.1) mod(P) ^ mod^iOnm). 

The P-module corresponding to Op{d-l)®iT* Sym'(V^*) is {Lf-^ ®Sym {V*). By 
the equivalence 13.7.11 and Corollary 13.61 we get an isomorphism 

Vl,{Op{d)) ^ Op{d -1)®TT* Sym'(V^*) 

of locally free sheaves with SL(V^)-lincarization and the Proposition is proved. □ 

We get a formula for the splitting type of 'Pp{Op{d)) on projective space: 
Corollary 3.8. There is for all 1 < I < d an isomorphism 

VUOid))^(B^"^')Opid-l) 

of locally free sheaves. 

Proof. The P-modules Sym'(F*) corresponds to the free Op-module ©( " )Op. The 
Corollary now follows from Proposition 13. 71 □ 

Let X = G(m, m + n) and consider the P-modules 

L'^-^ ® Sym^fl/PL ^L)C Sym'*(A"^) 

and 

Ui(g)i'^ C Sym''(A'"y). 
Proposition 3.9. There is an isomorphism 

Ui(g)i'^ ^ L-^-i ® Symi(0/PL L) 

of P-modules. 
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Proof. Pick an element x{L'^) dL'^-^x{L) e Ui(fl)L'*. It follows dL'^''^x{L) e 
L"^^^ ® Sym^ {q/Pl ® L) hence there is an inclusion 

Ui(0)L'^ C L'^-i ® Symi(0/pL ® L). 

Let L'^-^x{L) e L'^-^ ® Symi(0/pL ® L). It follows 

L^-'x{L) ^-xiL") (.\],{q)L'' 
a 

hence there is an inclusion i''^^(g)Sym^(0/pL®i) and the Proposition is proved. □ 
Corollary 3.10. There is an isomorphism 

Vj,{Ox(d)){xr ^L"-^® Symi(0/pL ® L) 

of P-modules. 

Proof. There is by [14j . Theorem 3.10 an isomorphism 

Vl,{Ox{d)){xr ^^JML" 
of P-modules. The Corollary follows from this fact and Proposition 15. II □ 

Note: By [T^], Example 5.12 there is a double complex 

^^V'x{Ox{d)r) 

of sheaves on ¥{W*) where W = Yl^{X,Ox{d)) and X = G(m,m + n). This 
double complex might give rise to a resolution of the ideal sheaf of the I 'th discrim- 
inant D\Ox{d)) C F{W*) of the line bundle Ox{d). By Theorem 5.2 it fol- 
lows knowledge on the P- module structure of V\^{Ox{dy) gives information on the 
SL(y)-module structure of the higher cohomology groups W{X, ^^'Px{Ox{d.))*) 
for all i > 0. This again gives information on the dimension h^{X, f\'V\^{Ox{d))*). 
We get a description of the locally free sheaf 

Ox{J)®'R\X,^^V'x{Ox{d)r). 

for all i, j. 

Example 3.11. Canonical filtration for the grassmannian G(2,4). 

Consider the example where m = n = 2 and X = G(2, 4). We get two inclusions 
L''-^ ^ Sym2(0/pL (g,L)C Sym''(A2v) 

and 

V2{5)L'^ C Sym''(AV). 
We may choose a basis for p C on the following form: 

p = pL ©L,; 

where is the line spanned by the following vector x: 

/O 0\ 

10 

^~ 0-1 

\0 O.J 
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Let n C be the sub Lie algebra spanned by the following vectors: 
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Let n be the vector space spanned by the vectors , X2 , X4 , .T4 and x. It follows 
U2(0)i'^ = U2(n)L'^ C Sym'^(A^F). The vector space V has a basus 61,62,63 and 
64. The vector space W has basis 61,62. It follows A^W has a basis given by 
ei A 62 = 6[12] and a'^V has basis given by e[12], e[13], e[14], e[23], e[24], e[34]. By 
definition L = e[12]. We get the following calculation: 

Xi{L) = -6[23],a;2(L) = 6[13],a;3(L) = -e[24] 
X4{L) = 6[14],x(L) = 6[12]. 
A basis for the P- module L'^~'^ ig) Sym^(g/pi (g) L) are the following vectors: 

L'^-^x{L)x{L) = L'^-^e[12f 

L'^-^X2{L)x{L) = L''-2e[12]e[13] 

L'^-^Xi{L)x{L) = L''-2e[12]e[14] 
L'^-^xi{L)x{L) = -L''-2e[12]e[23] 
L'^-^X3{L)x{L) = -L<^-2e[12]e[24] 

L'^-^X2{L)X2{L) = L<'-^e[13]^ 
L'^-^X2{L)xi{L) = L'^-2e[13]e[14] 
L'^-^xi{L)x2{L) = -i''-2e[13]e[23] 
L<^-^X2{L)x3{L) = -i''-2e[13]e[24] 

L'^-^Xi{L)xi{L) = -L<^-2e[14]2 
L'^-^xi{L)x4{L) = -i''-^e[14]e[23] 
L'^-^X3{L)xi{L) = -i''-2e[14]e[24] 



L'^-^xi{L)xi{L) = L'^-^e[23fe 
L'^-^xi{L)x3{L) = L''-2e[23]e[24] 
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L'^-2x3(L)x3(L) = L'^-2g[24]2 

Let a = d{d— 1). A basis for the P-module U2(0)i'^ = U2(n)i'' are the foUowing 
vectors: 

X2x{L'^) = aL"^-^ e[12]e[13] + dL'^-^e[lS\ 
XAx{L'^) = aU^-^e[l2\e[U] + dU^-^e[U] 
xix{L'^) = aL'^-'^ e[12]e[23] - dL'^-^e[23] 
XixiL"^) = aL''-^e[12]e[24:] - dL''-^e[24:] 

xliL"^) ^ aL'^-^eiUf 
X2Xi{L'^) = aL'^''^e[U]e[l^] 
xiX2{L'^) = aL'^-'^e[U]e[2Z] 
X2X3{1^) = -aL'^-^e[13]e[24] - dL'^''^e[34:] 

xliL'^) = L'^-'^e[U]^ 
XiXiiL'^) = -aL'^-^e[U]e[23] + dL-^-hlM] 
X3X4{L'^) = -aL'^-^e[U]e[24:] 

xfiL'^) = aL''-^e[23]^ 
xiXsiL'^) = aL'^-'^e[23]e[2A] 

xl{L'^) = aU^''^e[2Af. 

In the case where W ^ V have dimensions m and m + n we get embeddings of 
P-modules 

U,(0)L'^CSym'^(A™y) 

and 

L'^-^ (g) Sym'(0/pL ® L) C Sym'*(A"y). 

There is no equahty 

U,(0)L'^ = L-^-' ® Sym'(fl/pL ® L) 

of P-modules as submodules of Sym''(A™y) in general as Example 13.111 shows . 

Since Vi{q)L'^ and L'^~^ (g) Sym'{g/pi (g L) by Theorem [X5l and Proposition [331 
are isomorphic when m = 1 and 1 < I < d, have the same dimension over K and 
both have natural filtrations of P-modules we may conjecture they are isomorphic 
as P-modules for all m,n > 1. Note: There is a canonical line L'' € U;(0)L'^ for all 
I. There is similarly a canonical line 

^ ^d-i ^ Syni'(p/p^ (g,L)e L"^-^ ® Sym'(fl/pL ® L). 

Hence the two P-modules U/(0)L'' and L'^^^ ® Sym'(g/pL ® L) look similar. 
In general the SL(y)-module Sym''(A™y) decompose 

Sym''(A"y) ^ ®iV^'^ 
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where are irreducible SL(y)-niodules and ai > 1 are integers (see Proposition 
15 .41 for the situation of G(2, 4)). One may ask if there is a non-trivial automorphism 

0e AutsL(,/)(Sym'*(A"y)) 

with the property that the morphism 

(t> : Sym'^(A"F) ^ Sym''(A'"F) 

induce an isomorphism 

^ : L"^"' ® Sym'(g/pi ^ L) ^ Uz(0)L^ 

of P-modules. In general the SL(t/)-module Sym''(A™l^) has lots of automor- 
phisms. When TO = 2 and dimK(V) = 4 it follows by Corollary 15.41 there is for 
every d > 1 an equality 

AutsL(y)(Sym'^(A2y)) =[]i^* 

1=0 

where Z = fc if d = 2fc or d = 2fc + 1. For m = n = 2 the SL(T/)-module Sym''(A2T/) 
is by Proposition 15.41 multiplicity free. The module Sym''(A™-ft'™+") is not multi- 
plicity free in general when m,n > 2. 

4. Jet bundles and incidence complexes on the projective line 

In this section we construct a resolution by locally free sheaves of the ideal sheaf of 
the /'th incidence scheme /'(C'p(d)) C ¥([¥*) x P. Here Op{d) is an invertible sheaf 
on the projective line P = and = H°(P, Op{d)). There is on F = F{W*) x pi 
a morphism (t){0{d)) of locally free sheaves 

Its zero scheme Z{(j){0{d))) = l\0{d)) C F is the Vth incidence scheme of 0{d). 
The Koszul complex of the morphism (j){0{d)) 

^ A^O{-1)y '»V\0{d)yY > A^O{-1)y <S)V'{0{d))*Y 

o{-i)y ® rHo{d)ry -^Oy^ Oi^(o(d)) 

- called the incidence complex of 0{d) - is a resolution of the ideal sheaf of /'(©(d)). 
This follows from the fact that the ideal sheaf of P{0{d)) is locally generated by a 
regular sequence. We also calculate the higher direct images of the terms 

o{-j)Y ® A'v\o{d)y^ 

appearing in the incidence complex. 

The aim of the construction is to use it to construct a resolution of the ideal 
sheaf of the discriminant D^(0{d)) where 0{d) is a line bundle on projective space 
or a grassmannian. 

Example 4.1. The Koszul complex of a map of locally free modules. 

Let A be an arbitrary commutative ring with unit and let (/> : i? — > be a map 
of finite rank locally free A-modules. Define the following map: 

d° : E®aF* A 



by 



d\x®f)^f{ct,{x)). 
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Let C Ahe the image of 4>* . We let be the ideal of 4>. Define the following 
map 

rff : A^E (g)F* ^ hP-^E (g) F* 

by 

p 

(F{xi® fi/\- ■ ■ AXp® fp) = '^{-lY~^fr{<P{xr))xi^fiA- ■ ■ AXr <8) /r A • ■ • Aa;^ (g) /p. 

r=l 

Lemma 4.2. The following holds for all p > 1: d^ o dP~^ = 0. 
Proof. We get 

dP-^dP{xi (^fiA---AXp(g)fp) = 

f^(-l)'-VrW^r)) 
r=l 

^{-ly-'^ fl{(f>{xi))xi (g) /i A • • • A a;; (g) /; A • • • A a;^ A • • ■ A a;p O /p = 

and the claim of the Lemma follows. □ 

Let r — rk{E (S) F*). We get a complex of locally free A-modules 

^ A^'E (g F* ^ > A^E ®F*^E(^F*^A^ A/I^ 

called the Koszul complex of (j) 

Example 4.3. The Koszul complex of a regular sequence. 

Let X = {xi,.., a;„} be a regular sequence of elements in A and let E = Ae he 
the free A- module on the element e. Let F = A{ei, .., e„} be a free rank n module 
on ei, .., e„. Let tji = e*. Define 

(j):E^F 

by 

(f){e) = XiBi H hXnen- 

Let e® Ui = Zi. It follows 

dP : APE ®F* ^ AP-^E F* 

looks as follows: 

dP{zi,A---Azi^) = 

p 

J2{-^T~^yir{<l>{e))zn A---A^^A---AZi^ = 

r=l 

P 

^{-ly-'^xi^zi^ A ■ • ■ A 5;; A • ■ • A Zi^. 

Hence the complex A*E ® F* equals the Koszul complex K,{x) of the regular 
sequence x. It is an exact complex since x is a regular sequence. 

Example 4.4. The Koszul complex of a morphism of locally free sheaves. 
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The construction of the differential in the Koszul complex is intrinsic, hence we 
may generalize to morphisms of locally free sheaves. Let Y be an arbitrary scheme 
and let : f — > be a map of locally free Oy-modules. Let 

be defined locally by 

d°{s ® w) = v{(l){s)). 

Let 2^ — Im{(f) C Oy be the ideal sheaf defined by dP. Since is quasi coherent 
sheaf of ideals it follows the ideal sheaf 2^ corresponds to a subscheme Z{(p) C y - 
the zero scheme of (f>. Let U C 1" be an open subset and define the following map: 

by 

p 

c/''(.S I / ('I A • • • ASp(X)Wp) ~ '^^{ — lY^'^Vr{4>[Sr))si (g) Wi A • • • A Wr A • • • A Sp Wp. 

This gives a well defined map of locally free sheaves since we have not chosen a 
basis for the module f\P{£ (g) F*){U) to give a definition. By Lemma [4.21 it follows 
dP o (iP+i = for all p > hence we get a complex of locally free sheaves. The 
sequence of maps of locally free sheaves (r = rk{£ ® F*) ) 

^ A''£: ® J"* ^ > ® T* £ ® r* ^ Oy ^ Oz(4,) ^ 

is called the Koszul complex of 4>. 

Example 4.5. Koszul complexes and local complete intersections. 

Assume : £ — ?► is a map of locally free Oy -modules where £ is a line bundle. 
Let 2'(0) C y be the subscheme defined by </> - the zero scheme of 0. Let r = rk{T). 
Choose an open affine cover Ui of Y where J-" and C trivialize, i.e 

F{Ui)^0(U,){f,^,..,f„} 

and 

= 0(C/,)e,. 

Let 0{Ui) ~ Ai, Li = C{Ui) and Fi = F{Ui). Assume the image 
has 

0(f/i)(ei) = Xiifii H h Xirfir 

where {xn, .., Xir} C is a regular sequence. Let li = Xj^— {xn, .., Xir}. It follows 
from Example 14. 31 the Koszul complex 

®F*)^ > /<\L, ® F*) -^L,(g}F* 

^A,^ A,/I, 

is a resolution of the ideal li since li is generated by a regular sequence. The 
complex A' Li (g) F* is isomorphic to the Koszul complex K,{xi) on the regular 
sequence Xi. It follows the global complex 

Q ^ £csr jr* ^ > C^"^ F* ^ C (E) F* ^ Oy ^ Oz(0) ^ 

is a resolution of the ideal sheaf Fz{!i>) of Z{(p) C Y since it is locally isomorphic to 
the Koszul complex Kt{xi) for all i. 
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Since the ideal li is generated by a regular sequence of lenglit r it follows 
dim{Ai / li) — dim{Ai) — r. liY is irreducible of dimension d it follows Z{4)) C Y 
is a local complete intersection of dimension d ~ r. 

Example 4.6. The incidence complex of 0{d) on the projective line. 

Let P = f]^ where if is a field of characteristic zero and let 0{d) e Pic(P) = Z 
be a line bundle where d G Z. Let 

W ^B°{V,0{d)) = K{eQ,..,ed} 

where Ci = Xq^^x\. Let yi — e*. Let Y = V{W*) x P and consider the following 
diagram 

p 

Y ^P 

q TT 

¥{W*) Spec{K) 
There is a sequence of locally free Oy-modules 

Op^W'){-1)y H°(P.O(d)) ® Oy V\0{d))Y 
and let (f){0{d)) be the composed map 
(4.6.1) : Or(W'){-l)Y ^ V\0{d))Y. 

It follows by [12] the zero scheme Z(0(0(d))) equals the incidence scheme P{0{d)) 
of the line bundle 0{d). By definition f{W*) = Proj(X[yo, •., yd]) where yi = e*. 
It has an open cover on the following form: D{yi) = Spec(_R'[wo, .., u^]) where we 
let Uj = Let yj/yj = 1. Let 

F{t) — uo + uit + • ■ • + Udf^ e K[uq, .., Ud, t\. 

Restrict the map 14. 6T] to the open set UiQ — D{yi) x D{xo) C Y. We get the 
following two maps of modules: 

a : Or(w'){-^)\iho ^ Oc/.o ® H"(P, 0(d)) 

a : K[yi,t\— -4 K[ui,t\ ®K{eQ,..,ed] 
Vi 

defined by 

d d d 

a{lly^) = ^ (g) efe = ^ Ufe ® x'^a^^x\ ^^Uk® t'^x^. 

k=0 k=0 k=0 

We get the map 

T/,,„ : Ou^, ® H"(P, Oid)) ^ V\0{d))\u^, 

defined by 

t'(i o x'^-'x\) = r'(i ® fx^) = {t + dty ® 4. 

The composed map 

</)(C'(d))[/^„ : K[u^,t]- ^ ® 4} 

2/j 
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is the map 

d 



(i){o{d)){-)^y^uk{t+dtf 

II: ^ ^ 



''^ k=0 



^—^dt^ «) e K[u,, t]{l ® 4, .., dt^ ® 4}- 

fc=0 

Let f/ji = D{yi) x D{xi) C Y and let = s. Let 

G(s) =Ud + Ud-is + Ud-2S^ H h uos'* e -ftTfuo, •■, "d, s]. 

Restrict the map |4.6.T] to the open set Un 
We get the foUowing two maps of modules: 

a : Op(M/-)(-l)ka ^ Oi/.i ®H°(P,0(d)) 

a : K[yi,s]— K[ui,s] (g) K{eo, .., ed} 
Vi 

defined by 

d d d 

fe=0 fe=0 fe=0 

We get the map 
defined by 

T\l ® ^-^xl) = T\l ® s'^-'xi) = {s + dsf~' ® xf. 
The composed map 

<^(0(d))c/., : K[u„s]- ^ K[u^,s]{ds^ ®xi} 

Vi 

is the map 

d 



= J2 ""d-kis + dsf ® xf 



^' fe=0 

^—rT^d,s''(®xf e K\u,,s]{l® xt ..,ds' ^Xi}. 

k=0 

It foUows the ideal sheai 2jii^Q(^d)) of l^{0{d)) is generated by 



on Uio and by 



on Uii. Let = -^^^r^ and Wi = -^^^^t^ for i = 0, .., L 
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Lemma 4.7. Assume B is a commutative ring of characteristic zero and let 

fit) ao + ai< + • • • + aat'^ E B[t] 

be an arbitrary degree d polynomial with ad ^ 0. Let f^^\t) denote the formal 
derivative with respect to t. It follows 

/!»>(() 



Proof. The proof is by induction. It is clearly true for 1 = 1. Assume it is true for 
I > 1. Consider fc = / + 1. We get 

(; + !)! ^ TTTd't i\ ^ 

( + ^) a,+i '2^i+2t + •••+(;) (rf - l)adt'-^'^'^) = 



l + l 



i=l + l 

and the claim of the Lemma follows. □ 

Lemma 4.8. The seguence {zi,..,zq} is a regular seguence in K[ui,t]. The se- 
guence {wi, ..,Wo} is a regular seguence in K[ui,s]. 

Proof. Let Zi = ^ and Wj = "jp- Assume I < i and consider the sequence 
z/, Zi_i, .., zq C A[t] = K[uo, ...,Ud\[t]. Since A[t] is a domain it follows z/ is a non 
zero divisor in A[t]. We see from Lemma 14.71 

A[t]/wi = K[uo, ..,Ud,t] 

which is a domain, hence wi^i is a non zero divisor in ^[tj/w;. By induction it 
follows z/, .., zq is a regular sequence in A[t]. Assume i < I. It follows the sequence 
z/, .., Zi+i is a regular sequence in A[t]. We see from Lemma 14.71 z, is non zero in 

A[t]/{zi, ..,Zi+i) = K[uo, ..,Ud,t] 

and iC[uo, .., Wi, .., Ud, t] is a domain. It follows Zi is a non zero divisor in 
A[t]/{zi, .., Zi+i). It follows z/,..,zo is a regular sequence in A[t] and the claim 
follows. A similar argument proves wi,..,wo is a regular sequence in A[s] and the 
Lemma is proved. □ 

One may prove using similar methods for any permutation a G Sj+i the se- 
quences 

and 

.., Wo.(o) 

are regular sequences. 

It follows the ideal sheaf Tii(o{d)) is locally generated by a regular sequence. 
The morphism 

(t>{0{d)) : Or(W'){-l)Y ^ V\0{d))Y 
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gives by Example 14.31 rise to a Koszul complex 

^'Or^w'){-l)®v\o{d))*y 

of locally free sheaves of F = V{W*) x P^. 
Definition 4.9. Let the complex 

(4.9.1) ^ A'C'(-l)y ® V\0{d))*Y > A^O{-1)y ® V\0{d))*Y 

0(-l)y ® V\0{d)ry -^Oy^ Oi^^oid)) ^ 
be the incidence complex ofO{d). 

Since the ideal sheaf of P(0(d)) by the discussion above is locally generated by 
a regular sequence it follows from Example 14.31 the complex 14.9.11 is a resolution. 
In [llj, Theorem 5.10 one calculates the higer direct images 

R'q4A'Oi-l)Y®r\Oid))*Y) 

for all i,j. We get the following calculations: 

Let V = K{eo,ei} and P = P{V*). Let W H°(P,C'(d)) = Sym'^(V*) and 
consider the diagram 

Y = ¥{W*) X P ^ p 

¥{W*) — ^ Spec(ii:) 

By the results of this paper it follows there is an isomorphism 

VUO{d)) = Op{d -1)®TT* Sym'(y*) 
a sheaves with an SL(F)-linearization. We get 

A^Vl,{Op{d)) ^ OpU{d - I)) «) n* Sym^V*). 
By the equivariant projection formula for higher direct images we get 

R'g,(A^O(-l)y®P'(0(d))^) ^Op(H..)(-j)0ff(P, A^VUOAd))*)- 

Let 

TT : P^ Spec(ii'). 

It follows 

A^VUOp{d))* = Op{j{l - d)) eg) TT* A^' Sym^V*). 

We get 

(P, A^P\0{d)y) = 7r,(^*(A^' Sym'(F)) Op{j{l - d))) ^ 

A^{Sym'{V))®W{P,Op{j{l-d))). 
We get the following Theorem: 

Theorem 4.10. The following holds: 

p^{0{-j) (E) A^r\0{d)y) = i/i = or i = 1 andj{d-l) < 2. 

R^ p.{0{~j) A'V\0{d)y) = 0{-j) (»Sym^^'^-^'>-^{V) A^ Sym\V) 
ifj{d~l)>2. 

Proof. The proof follows from the calculation of the equivariant cohomology of line 
bundles on projective space (see [7]). □ 



JET BUNDLES ON PROJECTIVE SPACE II 



23 



Hence we have complete control on the sheaf 

on the projective line and projective space for all Using the techniques in- 
troduced in this paper one may describe resolutions of incidence schemes P{0{d)) 
on more general grassmannians and flag varieties. The hope is we may be able to 
construct resolutions of the ideal sheaf of D^{0{d)) using indicence resolutions in a 
more general situation. 

Note: In [9] resolutions of ideal sheaves of determinantal schemes are studied and 
much is known on such resolutions. In [12 it is proved D^{0{d)) is a determinantal 
scheme for any d > 2 on the projective line P^. Assume C G Pic'^ (G/P) is a G- 
linearized linebundle, G a semi simple linear algebraic group and P a parabolic 
subgroup. If one can prove D^{C) is a determinantal scheme we get two approaches 
to the study of resolutions of ideal sheaves of discriminants: One using jet bundles 
and incidence schemes, another one using determinantal schemes. 

5. Appendix A: Automorphisms of representations 

Let C 1/ be vectorspaces of dimension two and four over the field K. Consider 
the subgroup P <Z G — S\^{V) where P is the parabolic subgroup of elements fixing 
W. It follows vr : G ^ G/P = G(2,4) is a principal P-bundle. Let g = Lie{G) 
and p = Lie{P) be the Lie algebras of G and P. In this section we study the 
decomposition into irreducibles and automorphisms of some G-modules. We also 
study some Psemi-niodules where Psemi is the semi-simplification of P. It follows 
Psemi equals SL(2) x SL(2). Since p C g is a P-sub module it follows the quotient 
q/P is a P-module hence a Psemi module. We may apply the theory of highest 
weights since Psemi — SL(2) x SL(2) is a semi simple algebraic group. 

Proposition 5.1. The following hold: There is an isomorphism o/SL(2) x SL(2)- 
modules 

(5.1.1) Sym'=(g/p) = ©^=0 Sym"*+"(VF*) ® Sym^'+'^iV/W). 

for all k>l. Here {n,m) = (|,0) if k = 2n and (n,m) = (^^, 1) if k = 2n + 1. 
Proof. Recall the canonical isomorphism from Lemma 12.41 
g/p = Hom(T4^, V/W) ^W* V/W 
of P-modules. It follows 

Sym'=(g/p) = Sym'=(T4^* ® V/W) 

and its decomposition into irreducible SL(2) x SL(2)-modules can be done using 
well known formulas (see [5]). Alternatively one may compute its highest weight 
vectors and highest weights explicitly using the construction from Section 5. □ 

Let i : G/P P(aV*) P be the Plucker embedding and let Og/p(1) = 
i*Or{l) be tautological line bundle on G/P and let Oc/pid) = C'g/p(1)®'*- It 
follows from the Borel-Weil-Bott Theorem H°(G,Og(c^)) is an irreducible SL(y)- 
module. Let V have basis ei, 62, 63, 64 and let a'^V have basis etj for 1 < i < j < 4, 
with Bij — Ci A Cj. Consider the element / e Sym^(A^V^) where 

/ = 612634 - 613624 + 614623- 
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One checks / is a highest weight vector for SL{V) with highest weight 0, hence it 
defines the unique trivial character of SL(V^). Its dual 

/* = X12X34: - X13X24: + X14X23 G Syni^(A^F*) 

is the defining equation for G ~ G/P as closed subscheme of P{A^V*). 

Proposition 5.2. The following hold: there is an isomorphism of Sh{V) -modules 

(5.2.1) Sym'^lA^V^) = ©^o H°(G, Oaid - 2i))*, 

where I = k if d — 2k or d — 2k + 1. 

Proof. The result is proved using the theory of highest weights. There is a split 
exact sequence of SL(V^)-modules 

^ /* Sym'^-^^A^F*) ^ Sym'^(AV*) -> H"((G, Oaid)) 0. 

Dualize this sequence to get the split exact sequence 

~> fSym'^^'^iA^V) Syni''(A2T/) ^ ^ 0. 

where Qa = H°((G, OcCd))*- 

Since / is the trivial character it follows there is an 

isomorphism 

/Sym'^(A2T/) ^ Sym'^(AV) 

of SL(t/)-modules. By the Borel-Weil-Bott Theorem it follows Qd is an irreducible 
SL(F)-module. If d = 2fc we get by induction the equality 

Sym'*(AV*) = Qd® Qd~2 © • • • © Q2 © Qo, 

and the claim of the Proposition is proved in the case where d — 2k. The claim 
when d = 2fc + 1 follows by a similar argument and the Proposition is proved. □ 

Corollary 5.3. Let £ = ®\^f^OQ,(2i - d) where I ^ k if d ^ 2k or d = 2k + 1. It 
follows 

H°((G,f) ^Syni'^(AV*) 

as SLi{V) -module. 

Proof. We get by Proposition lS. 41 isomorphisms of SL(V^)-modules 
H"((G, £) ^ H"(G, (sUo^Gid - 2i)) ^ 

©U H°(G, OG{d ~ 2^)) ^ Sym'^(AV)* = Syni''(AV*) 
and the Corollary is proved. □ 

Corollary 5.4. There is for every d > 1 an equality 

I 

AutsL(v-)(Sym'^(AV)) =1]^* 

i=0 

where I ~ k if d — 2k or d — 2k 1. 

Proof. This follows from Proposition lS. 41 and the Borel-Weil-Bott theorem (BWB). 
From the BWB theorem it follows H''(G, OG{d))* is an irreducible SL(l/)-module 
for all d > 1. From this and Proposition 15 .41 the claim of the Corollary follows. □ 
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Hence the SL(y)-module Sym''(A^y) is a multiplicity free SL(F)-module for all 
d > 1. This is not true in general for Sym'^(A'"A'™+") when m,n> 2. 

In general if §a and are two Schur-Weyl modules (see [5]) there is a decom- 
position 

Sx{S^{V)) ®,Vx^ 

where V\- is an irreducible SL(y)-module for all i. It is an open problem to calculate 
this decomposition for two arbitrary partitions A and /i. 

6. Appendix B: The Cauchy formula 

We include in this section an elementary discussion of the Cauchy formula using 
multilinear algebra. Let W he vector spaces of dimension m and m + n over 
K and let P C SL(y) be the subgroup fixing W . Let g = Lie{G) and p — Lie{P). 
There is a canonical isomorphism 

0/p^Hom(W",y/W) 

of P-modules, hence the elements of g/p may be interpreted as linear maps. The 
symmetric power Sym"(0/p) = Sym"(Hom(Vl^, F/W^)) is a P-module hence a Psemi — 
SL(m) X SL(n)-module and we want to give an explicit construction of its highest 
weight vectors as Psemi-module. 

Proposition 6.1. Let U = if™. There is a canonical map of Sh(V) -modules 
A'"(C/*) ® A"C/ Sym'"(Hom(i7, U)) 

defined by 



Xi A ■ ■ ■ A Xr^ 



) ei A ■ 



A Cr. 



Xi 



1 ei 
1 ei 
D ei 



Xi < 



> 62 
"j 62 



Xi I 
Xm 



Here ei,..,em is a basis for U and xi, ..^Xm is a basis for U* 
Proof. The proof is left to the reader as an exercise. 



□ 



Note: in Proposition l6. li the element Xi^ej is an element of U*®U — IIom(?7, U). 
Hence the determinant 



Xi (H) 6i 
X2 ^ 61 
Xm ® 6l 



Xi 
X2 
X 



m 



' 62 
1 62 
5 62 



Xi 
X2 

Xm 



may be interpreted as a polynomial of degree m in the elements Xi ® Cj , hence it is 
an element of Sym™(Hom([/, [/)). 

Let B C SL(m, K) x SL(n, K) C SL(y) = SL(m + n, K) be the following 
subgroup: B consists of matrices with determinant one of the form 

'Ui 

, U2j 

where 

/an •■• G \ 

021 022 • ■ ■ 



\ami am2 
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and 



(bii 

^21 622 







\bnl 6„2--- &nn/ 

Let T be a S-module and v G T a. vector with the property that for aU x G -B it 
foUows 

XV — X{x)v 

where A G Honi(i?, K*) is a character of B. It fohows u is a highest weight vector for 
T as SL{m,K) x SL(ri, if )-niodule. The group B C SL{V) defines fihrations of W 
and V/W as follows: Let W have basis ei, .., e„i and F have basis ei, ..,€,„, /i, .., /„. 
Let Wi = {em}, W2 = {em,em-i} and 

Wi = {Cm, ..Cm-i+i}. 

It follows we get a filtration 

= Wo C VKi C • . • C Wm-l = W 
of the vector space W. Let 

Uj = U {/„, .., fn-j+l} 

and let = {V/W)/Un-i- We get a surjection 

V/W -> 

for i = 1, .., n — 1. It follows dimWi = dimVi = di for all i. Let x -.W ^ V/W be 
a linear map of vector spaces. We get an induced map 

x^-.W^^ V 

wich is a square di matrix for all i. Let g E B he the element 



where 



Gi = 



Gi 
G2 



/ai 

* 02 







and 



G2 



/foi 

* &2 



V* 







The i'th wedge product 

\x,\ = A^x^ e Hom(A''VK,, AV,) = A'(W*) (g) A*F, 
may be viewed as an element in 

\x,\ G Sym\ilom(W^,V)) C Sym*(Hom(W, F/W)) 
via Proposition l6.1l 



JET BUNDLES ON PROJECTIVE SPACE II 



27 



Proposition 6.2. The following formula holds: 

g\xi\ = — \xi\ = \{g)\xi\ 

for all g e B. Here X{g) = ''^.'^'^.'..a character A £ Hom(i?, K*). 

Proof. The proof is left to the reader as an exercise. □ 

Hence the i'th determinant \xi\ G Sym*(Hom(VF, V/W)) is a highest weight vec- 
tor for the SL(to) x SL(n)-module Sym' {lloin{W,V/W)). By the results of [I) it 
follows the vectors Xq°x'1'^ ■ ■ ■ xf' with ^idi = k are all highest weight vectors for 
the module 

Sym'=(Hom(Vl^, V/W)) ^ Sym'=(W^* (g) V/W). 
Acknowledgements. The author thanks Michel Brion, Alexei Roudakov and 
an anonymous referee for comments on the contents of this paper. 
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